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Hamiltonian Tournaments and Gorenstein Rings
HIDEFUMI OHSUGI AND TAKAYUKI HIBI
Let Gn be the complete graph on the vertex set [n] = {1, 2, . . . , n} and ω an orientation of Gn ,
i.e., ω is an assignment of a direction i → j of each edge {i, j} of Gn . Let eq denote the qth unit
coordinate vector of Rn . Write P(Gn ;ω) ⊂ Rn for the convex hull of the
(n
2
)
points ei − e j , where
i → j is the direction of the edge {i, j} in the orientation ω. It will be proved that, for n ≥ 5,
the Ehrhart ring of the convex polytope P(Gn ;ω) is Gorenstein if and only if (Gn;ω) possesses a
Hamiltonian cycle, i.e., a directed cycle of length n.
c© 2002 Elsevier Science Ltd. All rights reserved.
INTRODUCTION
Let [n] = {1, 2, . . . , n}, and let G be a finite connected graph on the vertex set [n] with
E(G) its edge set. Assume that G is simple, i.e., G has no loop and no multiple edge. An
orientation ω of G is an assignment of a direction i → j of each edge {i, j} of G. A directed
graph is the pair (G;ω) of G together with an orientation ω of G. A directed edge of (G;ω)
is an ordered pair (i, j) ∈ [n]×[n], where {i, j} ∈ E(G) with the direction i → j determined
by ω. A directed cycle of (G;ω) of length ` (≥ 3) is a sequence of directed edges of (G;ω)
of the form (i1, i2), (i2, i3), . . . , (i`−1, i`), (i`, i1) with i p 6= iq for all 1 ≤ p < q ≤ `.
Let eq denote the qth unit coordinate vector of Rn . Write P(G;ω) ⊂ Rn for the convex hull
of those points ei−e j such that (i, j) is a directed edge of (G;ω). The convex polytopeP(G;ω)
is said to be the edge polytope of (G;ω). Let A(P(G;ω)) denote the Ehrhart ring associated
with P(G;ω) discussed in, e.g., [3] and [4].
The purpose of the present paper is to study the problem of finding a combinatorial char-
acterization of orientations ω of the complete graph Gn on [n] for which the Ehrhart ring
A(P(Gn;ω)) is Gorenstein. (The complete graph on [n] is the finite graph Gn on [n] such that
{i, j} is an edge of Gn for all 1 ≤ i < j ≤ n.)
We employ the standard terminology in graph theory. A directed cycle of (G;ω) of length
n is said to be a Hamiltonian cycle. A directed graph is called Hamiltonian if it possesses a
Hamiltonian cycle. A tournament is a directed complete graph (Gn;ω). An orientation ω of
a tournament (Gn;ω) is called acyclic if (Gn;ω) possesses no directed cycle.
THEOREM 3.1. Let n ≥ 5. The Ehrhart ring A(P(Gn;ω)) associated with the edge polytope
P(Gn;ω) of a tournament (Gn;ω) is Gorenstein if and only if (Gn;ω) is Hamiltonian.
We refer the reader to [3, Section 1] and [4, Part II] for fundamental material on Ehrhart
rings of convex polytopes.
Let n = 3. The orientations of G3 are ω1 : 1 → 2, 2 → 3, 1 → 3 and ω2 : 1 → 2, 2 →
3, 3 → 1. The Hilbert series of A(P(G3;ω1)) and A(P(G3;ω2)) are respectively, 1/(1− λ)3 and
(1 + λ+ λ2)/(1 − λ)3. Hence each of A(P(G3;ω1)) and A(P(G3;ω2)) are Gorenstein.
Let n = 4. The orientations of G4 are described below:
ω1 : 1 → 2, 1 → 3, 1 → 4, 2 → 3, 2 → 4, 3 → 4;
ω2 : 1 → 2, 2 → 3, 3 → 4, 4 → 1, 1 → 3, 2 → 4;
ω3 : 1 → 2, 2 → 3, 3 → 1, 1 → 4, 2 → 4, 3 → 4;
ω4 : 1 → 2, 2 → 3, 3 → 1, 4 → 1, 4 → 2, 4 → 3.
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Let hi (λ)/(1 − λ)4 denote the Hilbert series of A(P(G4;ωi )) for each 1 ≤ i ≤ 4. Then the
direct computation says that h1(λ) = 1 + 2λ + λ2, h2(λ) = 1 + 3λ + 3λ2 + λ3, h3(λ) =
h4(λ) = 1 + 3λ+ 3λ2. Hence A(P(G4;ωi )) is Gorenstein for i = 1, 2, and A(P(G4;ωi )) is not
Gorenstein for i = 3, 4.
The orientation ω1 of each of G3 and G4 is acyclic. In general, an acyclic orientation of Gn
with n ≥ 2 is unique; see Lemma 1.3. It will turn out that, for an acyclic orientation ω of the
complete graph Gn with n ≥ 5, the Ehrhart ring A(P(Gn;ω)) is not Gorenstein. See the third
step of the proof of Theorem 3.1.
1. EDGE POLYTOPES OF DIRECTED GRAPHS
Every graph G is a finite connected graph on the vertex set [n] = {1, 2, . . . , n} having no
loop and no multiple edge. Let E(G) denote the edge set of G. Fix an orientation ω of G
and write Eω(G) for the set of directed edges of the directed graph (G;ω). If e = (i, j) is a
directed edge of (G;ω), then ρ(e) ∈ Rn is the vector ei−e j . Here eq is the qth unit coordinate
vector of Rn . Let P(G;ω) ⊂ Rn denote the convex hull of the finite set {ρ(e); e ∈ Eω(G)} in
Rn . The convex polytope P(G;ω) is said to be the edge polytope of (G;ω).
Let 0 be a (nondirected) cycle of length ` of G (≥ 3), say
0 : {i1, i2}, {i2, i3}, . . . , {i`−1, i`}, {i`, i1},
where i p 6= iq if 1 ≤ p < q ≤ `, and where (i`, i1) ∈ Eω(G). Let δ(−)ω denote the number
of directed edges of (G;ω) of the form (i p, i p−1) with 1 < p ≤ `, and δ(+)ω = ` − δ(−)ω .
If δ(+)ω 6= δ(−)ω , then 0 is called ω-nonhomogeneous. In particular, every cycle of odd length
of G is ω-nonhomogeneous. Since G is connected, one has n − 2 ≤ dimP(G;ω) ≤ n − 1.
The following result can be proved by using similar techniques appearing in the proof of
[5, Proposition 1.3].
LEMMA 1.1. One has dimP(G;ω) = n − 1 if and only if G possesses at least one cycle
which is ω-nonhomogeneous. In particular, if G is nonbipartite [5, p. 412], then dimP(G;ω) =
n − 1.
When we study the Ehrhart ring of the edge polytope P(G;ω), the role of the origin of Rn
will turn out to be crucial. In what follows, the problem when the origin of Rn belongs to
P(G;ω) as well as when the origin of Rn belongs to the interior of P(G;ω) will be discussed.
LEMMA 1.2. (a) The origin of Rn belongs to P(G;ω) if and only if (G;ω) possesses at
least one directed cycle.
(b) The origin of Rn belongs to the interior of P(G;ω) if and only if every directed edge of
(G;ω) appears in a directed cycle of (G;ω).
PROOF. (a) If (G;ω) possesses a directed cycle e1, e2, . . . , e` with each ep ∈ Eω(G), then∑`
p=1 ρ(ep) = 0. Hence the origin of Rn belongs to P(G;ω).
Now, if the origin of Rn belongs to P(G;ω), then for a subset (∅ 6=) E ′ ⊂ Eω(G) together
with 0 < ae ∈ Q, e ∈ E ′, one has∑e∈E ′ aeρ(e) = 0. If (i1, i2) ∈ Eω(G) belongs to E ′, then
(i2, i3) ∈ E ′ for some i3 ∈ [n]. Hence (G;ω) possesses a directed cycle e1, e2, . . . , e` with
each ep ∈ E ′.
(b) First, suppose that every directed edge of (G;ω) appears in a directed cycle of (G;ω).
In particular, since (G;ω) possesses at least one directed cycle, one has a relation∑e∈Eω(G)
aeρ(e) = 0 with each 0 ≤ ae ∈ Q. In case there is e1 ∈ Eω(G) with ae1 = 0, choose a
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directed cycle e1, e2, . . . , e` of (G;ω) and let E ′ = {e1, e2, . . . , e`}. Since∑e∈E ′ ρ(e) = 0,
it follows that ∑
e∈Eω(G)\E ′
aeρ(e)+
∑
e∈E ′
(ae + 1)ρ(e) = 0.
Repeating this procedure yields a relation
∑
e∈Eω(G) aeρ(e) = 0 with each 0 < ae ∈ Q.
Hence the origin of Rn belongs to the interior of P(G;ω), as desired.
Second, if the origin ofRn belongs to the interior ofP(G;ω), then one has a relation
∑
e∈Eω(G)
aeρ(e) = 0 with each 0 < ae ∈ Q. Fix a directed edge e˜ ∈ Eω(G). Let e1, e2, . . . , e` be a
directed cycle of (G;ω) with e˜ 6∈ E ′ = {e1, e2, . . . , e`}. Let a = min{ae; e ∈ E ′} (>0). Since∑
e∈E ′ ρ(e) = 0, it follows that∑
e∈Eω(G)
aeρ(e)−
∑
e∈E ′
aρ(e) = 0.
Let a′e = ae − a (≥0) for each e ∈ E ′, and a′e = ae if e ∈ Eω(G) \ E ′. Thus a′e = 0 for
some e ∈ E ′ and ∑e∈Eω(G) a′eρ(e) = 0. Repeating this procedure guarantees the existence
of a subset E ′′ ⊂ Eω(G) with e˜ ∈ E ′′ such that (i) the directed graph (G;ω) possesses no
directed cycle which consists of directed edges belonging to E ′′ \ {e˜} and that (ii) one has a
relation
∑
e∈E ′′ aeρ(e) = 0 with each 0 < ae ∈ Q. Now, the condition (ii) says that (G;ω)
possesses at least one directed cycle which consists of directed edges belonging to E ′′ and, in
addition, the condition (i) says that the directed edge e˜ must appear in such a directed cycle.2
Let Gn denote the complete graph on [n]. Thus Gn is the finite graph on [n] with the edge
set E(Gn) = {{i, j}; 1 ≤ i < j ≤ n}. The natural orientation of Gn is the orientation ω∗ such
that the direction of each edge {i, j} of Gn with 1 ≤ i < j ≤ n determined by ω∗ is i → j .
In addition, an orientation ω of Gn is called canonical if there exists a (unique) permutation
i1i2 · · · in of [n] such that the direction of each edge {i p, iq} of Gn with 1 ≤ p < q ≤ n
determined by ω is i p → iq .
In general, a vertex u of a directed graph (G;ω) is said to be a source (resp. sink) of (G;ω)
if, for each edge {u, v} of G, the direction of {u, v} determined by ω is u → v (resp. v → u).
The following Lemma 1.3 is well known and an easy exercise in graph theory.
LEMMA 1.3. An orientation ω of Gn is canonical if and only if ω is acyclic.
LEMMA 1.4. Let ω∗ be the natural orientation of the complete graph Gn on [n]with n ≥ 4.
Then (e1 − en)/2 belongs to the interior of the edge polytope P(Gn;ω∗).
PROOF. Let (G;ω∗) denote the directed subgraph of (Gn;ω∗) with the directed edges
(1, 2), (2, 3), . . . , (n − 1, n) and (1, n). Then P(G;ω∗) ⊂ Rn is a simplex of dimension n − 1.
Since n ≥ 4, (e1 − en)/2 belongs to the interior of P(G;ω∗). Since P(G;ω∗) ⊂ P(Gn;ω∗) with
dimP(G;ω∗) = dimP(Gn;ω∗), it follows that (e1 − en)/2 belongs to the interior of P(Gn;ω∗), as
desired. 2
COROLLARY 1.5. Let n ≥ 2. Let P ⊂ Rn denote the convex polytope which is the convex
hull of the origin together with all points ei − e j with 1 ≤ i < j ≤ n. Then (e1 − en)/2
belongs to the interior of P .
PROOF. In case of either n = 2 or n = 3, the direct computation yields the required result.
Let n ≥ 4. Since P(Gn;ω∗) ⊂ P with dimP(Gn;ω∗) = dimP , the desired result follows from
Lemma 1.4. 2
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A nonacyclic orientation of the complete graph Gn on [n] is an orientation ω such that
the tournament (Gn;ω) possesses at least one directed cycle. Lemma 1.2 (a) says that an
orientation ω of Gn is nonacyclic if and only if the origin of Rn belongs to the edge polytope
P(Gn;ω) of (Gn;ω). When ω is a nonacyclic orientation of Gn , we write (G ′n;ω) for the
directed subgraph of (Gn;ω) induced by the set of those directed edges e ∈ Eω(Gn) such
that e appears in a directed cycle of (Gn;ω). The directed subgraph (G ′n;ω) is said to be the
rotatory subgraph of (Gn;ω).
The following result is a purely graph theoretic result, and does not need the edge polytope
for its proof. However, it seems of interest to give an algebraic proof.
LEMMA 1.6. Let ω be a nonacyclic orientation of the complete graph Gn on [n], and let
(G ′n;ω) denote the rotatory subgraph of (Gn;ω). Then every connected component of G ′n is
a complete graph.
PROOF. Let H denote a connected component of G ′n with v vertices i1, i2, . . . , iv and
H˜ the complete graph on {i1, i2, . . . , iv}. Since (H ;ω) possesses a directed cycle, one has
dimP(H ;ω) = v − 1. Since P(H ;ω) ⊂ P(H˜ ;ω) and since dimP(H˜ ;ω) ≤ v − 1, one has
dimP(H ;ω) = dimP(H˜ ;ω). Since Lemma 1.2 (b) says that P(H ;ω) ⊂ Rv possesses the ori-
gin of Rv in its interior, it follows that the origin of Rv belongs to the interior of P
(H˜ ;ω).
Hence, again by Lemma 1.2 (b), each directed edge of (H˜ ;ω) belongs to a directed cycle of
(H˜ ;ω). Thus H = H˜ as required. 2
Let n ≥ 4. Let ω be a nonacyclic orientation of the complete graph Gn on [n] and (G ′n;ω)
the rotatory subgraph of (Gn;ω). Let H1, H2, . . . , Hs denote the connected components of
G ′n and, for each 1 ≤ q ≤ s, write Vq for the vertex set of Hq . Let V = [n] \ (∪sq=1Vq).
In the rest of this section, suppose that either s ≥ 2 or V 6= ∅, i.e., the origin of Rn
belongs to P(Gn;ω), but does not belong to the interior of P(Gn;ω). If i, i ′ ∈ Vp and j, j ′ ∈ Vq
with p 6= q and if i → j is the direction of the edge {i, j} determined by ω, then the direction
of the edge {i ′, j ′} determined by ω is i ′ → j ′. Moreover, if i, i ′ ∈ Vp and j ∈ V and if
i → j is the direction of the edge {i, j} determined by ω, then the direction of the edge {i ′, j}
determined by ω is i ′ → j . Now, choose arbitrary vertices i1, i2, . . . , is with each iq ∈ Vq
and write G∞ for the complete graph on the vertex set V ∪ {i1, i2, . . . , is}. (In graph theory,
the graph G∞ is known as the strong component of the tournament.)
Then the directed subgraph (G∞;ω) of (Gn;ω) possesses no directed cycle. In other words,
the orientation ω of G∞ is canonical (Lemma 1.3). Let i∞ denote the source of (G∞;ω) and
j∞ the sink of (G∞;ω).
LEMMA 1.7. The point (ei∞ − e j∞)/2 ∈ Rn belongs to the interior of the edge polytope
P(Gn;ω) of the tournament (Gn;ω).
PROOF. Let (G;ω) denote the directed subgraph of (Gn;ω) with Eω(G) = Eω(G∞) ∪
(∪sq=1 Eω(Hq)). Corollary 1.5 together with Lemma 1.2 (b) enables us to show that (ei∞ −
e j∞)/2 belongs to the interior of the edge polytope P(G;ω) of (G;ω). Since P(G;ω) ⊂ P(Gn;ω)
and dimP(G;ω) = dimP(Gn;ω), it follows that (ei∞−e j∞)/2 belongs to the interior ofP(Gn;ω),
as required. 2
COROLLARY 1.8. (a) If either i∞ or j∞ belongs to {i1, i2, . . . , is}, then the convex poly-
tope 2P(Gn;ω) possesses at least two integer points in its interior.
(b) If both i∞ and j∞ belong to V , then ei∞ − e j∞ is the unique integer point contained in
the interior of 2P(Gn;ω).
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PROOF. (a) Say i∞ = i1. Then, for each i ′1 6= i1 with i ′1 ∈ V1, the point ei ′1 − e j∞ belong
to the interior of 2P(Gn;ω). Thus the number of integer points contained in the interior of
2P(Gn;ω) is not less than the number of vertices belonging to V1.
(b) If both i∞ and j∞ belong to V , then i∞ is a source of the tournament (Gn;ω) and j∞ is a
sink of (Gn;ω). Let α = (α1, α2, . . . , αn) ∈ Zn belong to the interior of 2P(Gn;ω). Then each
αp ∈ {0, 1,−1} and αi∞ = 1, α j∞ = −1. If αp = 1 for some p ∈ [n] \ {i∞, j∞}, then α/2
cannot belong to the interior of P(Gn;ω) since the hyperplane of Rn determined by the linear
equality zi∞ + z p = 1 is a supporting hyperplane of P(Gn;ω). Similarly, if αp = −1 for some
p ∈ [n] \ {i∞, j∞}, then α/2 cannot belong to the interior of P(Gn;ω) since the hyperplane of
Rn determined by the linear equality z j∞ + z p = −1 is a supporting hyperplane of P(Gn;ω).
Thus αp = 0 for all p ∈ [n] \ {i∞, j∞}. Hence α coincides with ei∞ − e j∞ , as desired. 2
REMARK 1.9. Corollary 1.8 (b) is true for acyclic orientations of the complete graph Gn
on [n].
Let ω be a nonacyclic orientation of the complete graph Gn on [n] and suppose that the
tournament (Gn;ω) possesses both a source and a sink. Let, to simplify the notation, 1 ∈ [n]
be a source of (Gn;ω) and n ∈ [n] a sink of (Gn;ω). WriteQ ⊂ Rn−1 for the convex polytope
consisting of all points (α1, α2, . . . , αn−1) ∈ Rn−1 with (α1, α2, . . . , αn−1,−∑n−1p=1 αp) ∈
P(Gn;ω). (In other words, Q is simply the projection ofP(Gn;ω) onto the first n−1 coordinates.)
Thus dimQ = n − 1. Let e′q denote the qth unit coordinate vector of Rn−1. Lemma 1.7
guarantees that e′1/2 ∈ Rn−1 belongs to the interior of Q. Let Q′ ⊂ Rn−1 denote the convex
polytope 2Q − e′1 = {2α − e′1;α ∈ Q}. Then Q′ possesses the origin of Rn−1 in its interior.
Since the orientation ω is nonacyclic, it follows that (Gn;ω) possesses at least one directed
cycle of length 3, say (2, 3), (3, 4), (4, 2). Let F ⊂ Rn−1 denote the 3-simplex with the
vertices e′1 − e′4, e′3 − e′4, e′2 − e′3 and e′2. If H is the hyperplane of Rn−1 determined by the
linear equality z2 − z4 = 1, thenH is a supporting hyperplane ofQ with F ⊂ H∩Q. Let F ′
denote a facet of Q with H ∩ Q ⊂ F ′ and let ∑n−1q=1 aq zq = b with each aq , b ∈ Q denote
the linear equality of the supporting hyperplane H′ of Q with F ′ = H′ ∩ Q. Then a2 = b,
a3 = 0, a4 = −b and a1 = 0. Since e′1/2 belongs to the interior of Q, one has b 6= 0. Say
b = 1. The supporting hyperplane 2H′ − e′1 of Q′ which yields the facet 2F ′ − e′1 of Q′ is
determined by the linear equality z2/2 − z4/2 +∑n−1q=5 a′q zq = 1 with each a′q ∈ Q.
2. A SIMPLE LEMMA ON TOURNAMENTS
A simple combinatorial lemma on tournaments is prepared. Consult [2] for the proof of
Lemma 2.1.
LEMMA 2.1. Let (Gn;ω) be a tournament on [n] with n ≥ 3. Then every directed edge of
(Gn;ω) appears in a directed cycle of (Gn;ω) if and only if (Gn;ω) is Hamiltonian.
Lemma 2.1 together with Lemma 1.2 (b) yields the following
COROLLARY 2.2. Let (Gn;ω) be a tournament on [n] with n ≥ 3. Then the following
conditions are equivalent:
(i) The origin of Rn belongs to the interior of the edge polytope P(Gn;ω);
(ii) Every directed edge of (Gn;ω) appears in a directed cycle of (Gn;ω);
(iii) The tournament (Gn;ω) is Hamiltonian.
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3. EHRHART RINGS OF EDGE POLYTOPES
First of all, we recall from [1, Section 6.3] and [4, Part II] fundamental material on Ehrhart
rings of convex polytopes.
Let, in general, P ⊂ RN be a convex polytope of dimension d and suppose that P is
integral, i.e., each vertex of P has integer coordinates. Let Y1, Y2, . . . , YN and T denote inde-
terminates over a field K . Given an integer q ≥ 1, we write A(P)q for the vector space over K
which is spanned by those monomials Y a11 Y
a2
2 · · · Y aNN T q such that (a1, a2, . . . , aN ) ∈ qP∩Z.
Here qP = {qα;α ∈ P}. The graded algebra A(P) = ⊕∞q=0 A(P)q is finitely generated
over K = A(P)0 with Krull-dimA(P) = d. Moreover, A(P) is normal; hence Cohen–
Macaulay [1, Theorem 6.3.5]. We say that A(P) is the Ehrhart ring associated with P . The
Hilbert series
∑∞
q=0 dimK (A(P))qλq of A(P) is of the form (h0 + h1λ+ · · · + hdλd)/(1 −
λd+1) with each 0 ≤ hi ∈ Z.
A combinatorial criterion [3, Corollary 1.2] for A(P) to be Gorenstein is stated below. Let
A ⊂ RN denote the affine subspace spanned by P and fix an invertible affine transformation
ϕ : A → Rd satisfying ϕ(A ∩ ZN ) = Zd . Thus P = ϕ(P) ⊂ Rd is a convex polytope of
dimension d. Let δ > 0 denote the smallest integer for which δ(P \ ∂P) ∩ Zd 6= ∅. Here ∂P
is the boundary of P and P \ ∂P is the interior of P . Then A(P) cannot be Gorenstein unless
δ(P \ ∂P) possesses a unique integer point. In the case that δ(P \ ∂P) possesses a unique
integer point, say α0 ∈ Zd , letQ = δP−α0 = {α−α0;α ∈ δP}. ThusQ ⊂ Rd is an integral
convex polytope of dimension d and the origin of Rd is a unique integer point belonging to
the interior Q \ ∂Q of Q. Now [3, Corollary 1.2] says that A(P) is Gorenstein if and only if
the following condition is satisfied: if the hyperplaneH ⊂ Rd determined by a linear equality∑d
i=1 ai zi = b, where each ai ∈ Z and b ∈ Z, and where the greatest common divisor of
a1, a2, . . . , ad and b is equal to 1, is a supporting hyperplane of Q such that H ∩Q is a facet
of Q, then b is either 1 or −1.
THEOREM 3.1. Let n ≥ 5. The Ehrhart ring A(P(Gn;ω)) associated with the edge polytope
P(Gn;ω) of a tournament (Gn;ω) is Gorenstein if and only if (Gn;ω) is Hamiltonian.
PROOF. Use the criterion [3, Corollary 1.2]. Note thatP(Gn;ω) possesses at most one integer
point in its interior. If P(Gn;ω) possesses an integer point in its interior, then the integer point
coincides with the origin of Rn .
First step. First of all, let ω be nonacyclic and suppose that the origin of Rn does not belong
to the interior of P(Gn;ω). Use Corollary 1.8. If (Gn;ω) does not possess both a source and
a sink, then 2P(Gn;ω) contains at least two integer points in its interior. Thus the Ehrhart ring
P(Gn;ω) is not Gorenstein. If (Gn;ω) possess both a source and a sink, then 2P(Gn;ω) contains
exactly one integer point in its interior. Then the discussion appearing in the paragraph after
the proof of Corollary 1.8 together with [3, Corollary 1.2] guarantees that the Ehrhart ring
A(P(Gn;ω)) is not Gorenstein.
Second step. Second, let ω be nonacyclic and suppose that the origin of Rn belongs to the
interior of P(Gn;ω). Let H be a supporting hyperplane of P(Gn;ω) such that H ∩ P(Gn;ω) is
a facet of P(Gn;ω). Then, via the theory of totally unimodular matrices [7], it follows that H
is determined by a linear equality of the form
∑n
q=1 aq zq = 1 with each aq ∈ Z. Hence
[3, Corollary 1.2] guarantees that the Ehrhart ring A(P(Gn;ω)) is Gorenstein.
Third step. Finally, we study the case when the orientation ω is acyclic. It is enough to
discuss the natural orientation ω∗ of Gn . Since n ≥ 5, Lemma 1.4 says that the point (e1 −
en)/2 ∈ Rn belongs to the interior of P(Gn;ω∗). In addition, e1 − en is the unique integer
point contained in the interior of 2P(Gn;ω∗). Let Q ⊂ Rn−1 and Q′ ⊂ Rn−1 denote the
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convex polytopes arising in the paragraph after the proof of Corollary 1.8. Let H denote
the hyperplane of Rn−1 determined by the linear equality
∑n−1
q=1(n − q)zq = 1. Then H is
a supporting hyperplane of Q such that H ∩ Q is a facet of Q. Hence the hyperplane H′
of Rn−1 determined by the linear equality (n − 1)(z1 + 1) + ∑n−1q=2(n − q)zq = 2, i.e.,∑n−1
q=1(n − q)zq = 3 − n is a supporting hyperplane of Q′ which yields the facet H′ ∩Q′ of
Q′. Since n ≥ 5, again [3, Corollary 1.2] guarantees that the Ehrhart ring A(P(Gn;ω)) is not
Gorenstein.
It follows from the above three steps that A(P(Gn;ω)) is Gorenstein if and only if the origin
of Rn belongs to the interior of P(Gn;ω). Thus by virtue of Corollary 2.2, the Ehrhart ring
A(P(Gn;ω)) is Gorenstein if and only if the tournament (Gn;ω) is Hamiltonian. 2
We conclude this paper with
REMARK 3.2. (a) The Ehrhart ring A(P(Gn;ω)) =
⊕∞
q=0 A(P(Gn;ω))q of P(Gn;ω), where
(Gn;ω) is an arbitrary tournament, is generated by A(P(Gn;ω))1 as an algebra over K =
A(P(Gn;ω))0. In other words, A(P(Gn;ω)) is generated by
{Yi Y−1j T ; (i, j) ∈ Eω(Gn)}
if ω is acyclic and is generated by
{Yi Y−1j T ; (i, j) ∈ Eω(Gn)} ∪ {T }
if ω is nonacyclic. This fact follows from the existence of a unimodular triangulation of the
edge polytope P(Gn;ω) of the tournament (Gn;ω). See [6] and [8].
(b) Let n ≥ 3. It is reasonable to ask when the subalgebra
K [(Gn;ω)] = K [{Yi Y−1j T }(i, j)∈Eω(Gn)]
of A(P(Gn;ω)) is normal.
Let n = 3. Then one has either K [(G3;ω)] = K [XY−1T, Y Z−1T, X Z−1T ] or K [(G3;
ω)] = K [XY−1T, Y Z−1T, X−1 Z T ]. Each of them is normal.
Now, let n ≥ 4. Then, for any orientation ω of Gn , one has i → j , j → k, and i → k for
some i, j, k ∈ {1, 2, 3, 4}. Say 1 → 2, 2 → 3, 1 → 3. Thus T = (Y1Y−12 T )(Y2Y−13 T )
(Y1Y−13 T )−1 belongs to the quotient field of K [(Gn;ω)]. If ω is nonacyclic, then T (6∈
K [(Gn;ω)]) is integral over K [(Gn;ω)]; thus A(P(Gn;ω)) cannot be normal. If, on the other
hand, ω is acyclic, then K [(Gn;ω)] coincides with A(P(Gn;ω)); thus K [(Gn;ω)] is normal.
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